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Abstract

The standard algorithm to determinize a finite automaton is the
subset construction, however its description and the proof of cor-
rectness are usually presented separately. We derive the subset con-
struction from the specification of a deterministic automaton by ex-
pressing the language recognized by the automaton as a fixed point
of a function. We do this in two ways, one based on the right lan-
guages of the states, and the other based on the left languages. The
derivation based on right languages resembles a derivation made by
Kozen using matrix techniques and Kleene algebra. The derivation
based on left languages, on the other hand, uses non-linear func-
tions and has no matrix analogue. Our proofs are induction-free
and instead we rely on the uniqueness of fixed-points. In summary,
we highlight that an algebraic model of an automaton allows an
elegant derivations of the subset construction and highlight the
duality between the left and right languages of an automaton.
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1 Introduction

Every finite automaton can be converted to a deterministic finite
automaton by the subset construction, a standard algorithm which
produces a new automaton with 2" states [4]. However, most pre-
sentations from this algorithm presents its proof of correctness as
a separate step from its construction. This does not need to be the
case. In this work, we present two derivations of the determiniza-
tion algorithm based on the concepts of left and right languages of
a finite automaton.

The left language of a state describes the set of paths from the
initial states to that state, and its right language of a state describes
the set of paths from that state to the final states of the automaton.
In Section 2, we present those definitions and we show how to
use linear systems of equations and their fixed points to compute
these languages and, therefore, to describe the semantics of the
automaton as a whole.

Under this framework, we present the two derivations for the
determinization algorithm, one based on unions of right languages
of the states (Section 3.2), and the other based on intersections of
left languages (Section 3.3). It turns out both of these derivations
lead to the subset construction, but in dual ways. Furthermore,
because the derivation manipulates the language of the automaton,
it can be seen that the language of the transformed automaton is
the same as the original automaton.

Finally, in Section 4 we talk about related work in algebraic
methods for automata proofs and in Section 5 we conclude our
paper presenting future works, as well.
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2 Linear System of Equations

We begin by recalling the definition of our main study object, a
Non-deterministic Finite Automaton (NFA). A NFA is a finite graph
with labelled transitions.

Definition 2.1. A Non-deterministic Finite Automaton (NFA)
M =(AQ,I, T,—) is composed of

e An alphabet A, a finite set;

o A state set Q, a finite set;

o A set of initial states I, a subset of Q;
e A set of final states T, a subset of Q;
e A transition relation -C Q X A X Q.

In the example Automaton 1, the alphabet is the singleton {a},
the state set is {1, 2}, the set of initial states is {1} and set of final

states is {2}. The set of transitions is {1 5115 2}.

_— >

a :
Automaton 1: A NFA for the language a*a.

The global behaviour of a finite automaton can be denoted by
the language it recognizes. Let M = (A, Q,I, T, —) be a NFA.

Definition 2.2. The language recognized by M is the set of
words that label paths which lead from an initial state to a final
state.

.E(M):{w|i1>t,iel,teT}

To write proofs about automata it is often useful to use a fine-
grained definition of its behaviour that looks at individual states.

Definition 2.3. The left language of q € Q is the set of words
that label paths which lead from an initial state of M to q.

Mgl ={wli>gqiel}

Definition 2.4. The right language of q € Q is the set of words
that label paths which lead from g to a final state of M.

gl ={wlq >t teT}

The language recognized by M can be expressed in terms of the
left or right languages of its states.

LM =il = (i1l (1)

iel teT
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2.1 The Left Language Equations

To compute the left or right languages of a given automaton, we can
solve a linear system of equations. Consider the Automaton 1. Its
left languages [[1]]; = a" and [[2]]; = a*a are the unique solution
of the system

x1 =x1aUe¢;

X2 = X14. @

From the structure of the automaton we can deduce that the left
languages should be a solution of the above system. There are only
two ways for a path to reach state 1: either we take the empty path,
because 1 is a starting state, or we extend another path that arrives
at 1, because 1 — 1. Thus, we should have [Nz =1L - aVe.

The only way to arrive at state 2 is via 1 4 2, so, by similar logic,
we should have [[2]]; = [[1]]; - a. In general, the equation for x,

has a term x,a for each transition p 5 q and has a term ¢ if ¢ is an
initial state.

In Section 2.3 we will show that the above solution is in fact the
unique solution to the system of equations.

2.2 The Right Language Equations

Dually, we can also create equations for the right languages. Con-
tinuing with the same automaton as before, the right languages
[[1]lr = a*a and [[2]]r = ¢ are solutions to the system of equations

X1 = axp U axy;
3
X = ©)
We can verify that the right languages satisfy this system of
equations. There are only two ways to leave from state 1: the tran-
sitions 1 — 1and 1 > 2. Thus, [[1]lg = a[[1]]r U a[[2]]z. State 2 is
a final state that has no transitions that leave it. Thus, [[2]]g = &.
So if in the left system we are aware about the origins of the
transitions, here the awareness is about its destinations.

2.3 Uniqueness of Fixed-Points

The solutions to the systems of equations (2) and (3) can be seen as
fixed points of functions of vectors of languages,

X1

x

o) ]

We already established that f; and fz have fixed points: the vector
of left languages and the vector of right languages, respectively. But
we also want to prove that those fixed points are unique. We’ll do
so for fg, but the argument for f; would be the same. The approach
we take asks for a notion of similarity between languages:

X1
X2

x1a\JU e
X1a

axy U axy
€

. @

and ﬁz(

Definition 2.5. Two languages are n-similar when they contain
the same words of length less than n.

xSy & Vw(w/<n = (wex & wey))
The following properties follow directly from the definition:
LEMMA 2.6. x =y if and only ifx =, y for all n.
LEMMA 2.7. Ifx =, y, then ax =p41 ay.

LEMMA 2.8. Ifx; =, y1 and x; =, 2, then (x1 Uxz) =, (y1 Uyz).
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We can extend n-similarity to vectors of languages, by element-
wise comparison. Under this definition we can state that applying
fr to a pair of language vectors results in language vectors that are
more similar than before.

LEMMA 2.9 (CONTRACTION). Ifx =, y, then fr(x) =41 fr(Y).

Proor. The terms in the equations for fg all have the form
fr(x)i = a1x1 U....ayx, U ¢, with the ¢ term being optional. Thus,
if we start with x; =, y; for all i, then by Lemmas 2.7 and 2.8 we
will end up with f(x); =,41 f(y); for all i. O

An immediate corollary is that fz has at most one fixed point.

COROLLARY 2.10. If fr(x) = x and fr(y) =y, thenx =y.

Proor. We can show that x =, y for all n, which implies x = y.
The argument is by induction on n. In the base case, we trivially
have x = y. In the inductive case, if we assume that x =, y then
by Lemma 2.9 we also have fr(x) =p+1 fr(y). But since x and y are
fixed points, that also means x =11 y. ]

Crucially, the above proofs assume that the automaton does not
have e-transitions. Equations such as x = x and x = x U ¢ have
multiple solutions and would break Lemma 2.9. Thankfully, it is
always possible to remove the e-transitions from an NFA and that
is also the first step in the procedure for determinizing them.

3 Deterministic Finite Automata

In many situations it is desirable to have a deterministic automaton,
one in which each word leads to a single destination.

Definition 3.1. A Deterministic Finite Automaton (DFA) is
an automaton that:

e Has only one initial state;
o For every state p and label a, there is exactly one state g such

that p 5 q.

We can always transform a non-deterministic automaton into a
deterministic automaton that recognizes the same language. The
classic way to do this is the subset construction, which we discuss in
Section 3.1. However, it is not obvious that this process preserves the
language recognized by the automaton, and usually a separate proof
is necessary to assert this result. In Sections 3.2 and 3.3 we present
two derivations of the subset construction from its specification,
respectively based on the right and left languages.

3.1 Subset Construction

The key insight of the subset construction is to construct an au-
tomaton with one state for each subset of states from the non-
deterministic automaton.

Definition 3.2. The subset construction is an automata trans-
formation ¢ ({(A,Q,I,T, —>)) = (A, Q,I, T,~) such that

[ ] [ ]
~NO
I I
i)

()

T={PcQ|PNT #0};
e PSR e R:{reQ|3peP(pi>r)}.
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The new set of states is the power set of the states. The de-
terministic automaton has a single initial state, which is the set
of initial states from the non-deterministic automaton. The final
states are those that contain at least one final state from the non-
deterministic automaton. The transition relation is a function that
receives a source state P and a label a and outputs the set of states
reachable via a from states in P.

It is clear that the new automaton is deterministic, since it has
only one initial state and its transition relation is a function. How-
ever, it is not so clear that the language of the new automaton
is the same as the original one. In the following sections we will
use algebraic methods, based on the systems of equations that we
described, to derive the subset construction in ways that unambigu-
ously preserve the language.

To ensure this preservation, a high-level strategy is to start with
the system of equations describing the left (or right) languages of
the original automaton and convert it to the system of equations
describing the left (or right) languages of the new automaton. Since
we are dealing with languages the whole time, it is easy to assert
that the language of the automaton as a whole is preserved.

3.2 Unions

One way to make an automaton deterministic is to focus on trans-
forming the transition relation into a function. The right languages
system of equations is well suited for this, because all the transitions
that leave a state are grouped in the equation for that state.

Consider the Automaton 1, which is non-deterministic because
state 1 has two transitions labeled by a. In the system of equations
for the right languages of this automaton, shown in (3), the equation
for that state is x; = ax; U ax;. There are two terms that begin with
a; to fix that, we can apply the distributivity rule and rewrite the
equation as x; = a(x; U x3).

This suggests that we should also have an equation for x; U
X,. In the worst case scenario we will need all possible unions of
languages, which are provided by the unifier function

x1 U Xy

In general, hy receives a n-dimensional vector and outputs a
2"-dimensional one.

Definition 3.3. Let A and Q be finite sets, the unifier function
is a mapping hy, : P(A*)Q — P(A*)ZQ such that

hoe = x.

peEP

To construct the complete set of equations for the new automa-
ton, we can apply hy to both sides of (3), giving hy(x) = hy(f1.(x)).
Then, using the distributivity rule, we can factor out the common
labels to assure that each equation has exactly one term for each
label a. In equations that do not have terms with that label, we
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insert a transition to the empty language, 0.

x1Uxy =axiUaxxUe =a(xyUxy)Ue

X1 =ax; Uaxy =a(x; Uxy)

X2 =¢ =alUe¢ (©)
0 =0 =a0

This set of equations is almost the system for an automaton. The
only problem is that in the first column the terms are not variables,
but unions of them. We can obtain a suitable system of equations
by replacing each of these unions by a variable.

Y{1,2y = ayf12y U &
Y1} = ay{r2}s
Yoy =ayp Ve
Yy = aygy-
In this new system of equations, variable yp corresponds to the
union of the variables indexed by P. For example, {1 5} corresponds
to the union x; U x3.

Clearly, (7) is a system of right languages for an automaton. Its
states are the indices of the variables, and the transitions and final
states are determined by the system of equations. We have not yet
chosen the initial state.

The right languages of the new automaton are solutions of sys-
tem (7) and may be seen as a fixed point y = gr(y). But how can
we compute these right languages? We know that the set of right
languages of the original automaton is the unique fixed point of
x = fr(x). From the first and third column of (6), we know that
hy(x) = g(hy(x)) and therefore hy(x) is a fixed point of g. Since g
has an unique fixed point, we conclude that the right languages of
the new automaton are equal to hy(x).

We can now choose an initial state. The language recognized by
the original automaton is the union of the right languages of its
initial states, in this case x;, which is equal to y{1}. This suggests
that we choose {1} as the initial state. The result is the Automaton 2.

)

_,@_a,

O ——

Automaton 2: A DFA for the language a*a.

By construction we know that the Automaton 2 is deterministic
and that it recognizes the same language as the Automaton 1. In
fact, we can verify that the new automaton is isomorphic to the
one constructed by the subset construction.

THEOREM 3.4. The union-based determinization produces the same
automaton as the subset construction.
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Proor. We know that in the new system of equations, the equa-
tion for yp comes from the union of the equations for x, for all
p € P. We need to check that all components of the automaton
match.

Set of states. The set of states, as prescribed by hy, is P(Q).

Initial state. The initial state is {I} because the language of the
original automaton is equal to the union of the right languages of
its initial states.

Final states. The equation for yp contains ¢ precisely when at
least one of its constituent equations x,, does so. This means that P
is a final state of the new automaton precisely when it contains at
least one final state of the original automaton.

Transition. Consider some transition P ~> R. The destination
state R is determined by the ayg term in the equation for yp. When
we compute the union of the constituent equations for x,, the term

that will give rise to ayg is the union of all ax, for all p — r. Thus,

PSR precisely when R is the set of states that can be reached
from P in the original automaton. O

3.3 Intersections

Another way to think about deterministic automata is to ask that
each word leads to a single state. Left languages are ideal for de-
scribing these ideas. The following lemma precisely characterizes
how determinism relates to left languages.

Definition 3.5. A finite automaton is accessible if it has no state
whose left language is empty.

LEMMA 3.6. If an automaton is accessible, has only one initial state
and the left languages of its states are pair-wise disjoint, then it is
deterministic.

PRrRoOF. Suppose the automaton has transitions p 5 gand p 5
r. We can show that g = r. Since the automaton is accessible, there

is a path i i p, where i is the initial state. Thus, there are also

paths i = q and i ™ r. Since the left languages are disjoint, wa
leads to a single state and therefore g =r. O

We use this idea to construct a deterministic automaton and our
example will again be the Automaton 1. The system of equations for
its left languages is shown in (2). To obtain disjoint left languages
as asked by the Lemma 3.6, we can use a separator function that
outputs disjoint values:

x1 N Xy
b Xl _ x1 N x5 ®)
s X Nxy|’

x{ N x5

where o¢ indicates the set complement. In general, we have

Definition 3.7. Let A and Q be finite sets, we define the separator
function as hn : P(A*)Q — P(A*)ZQ such that

hn(x)p = ﬂxp n ﬂx; . ©)

peP q¢P
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Let us see what happens when we apply hn to both sides of (2).

x1 Nxz = (x1a U e) N (x1a)

x1 N x5 = (x1aUe) N (x10)°

x{ Nxg = (x1aU €)° N (x1a) (10)
X Nxs = (x1a V) N (x1a)°

Next, we want to rewrite the right-hand side in terms of hn (x).
We can rewrite x; and x;, in terms of hn(x) as follows:

x1 = (%1 Nx2) U (x1 Nxs),

(11)
xz = (1 Nx2) U (xf Nxp)
Substituting these identities into (10), we obtain
X1 Nxy = ([(xl Nxz) U (x1 ﬂxg)] aUe)
N ((x1 Nxz) U (%1 N x5)) as
x1 N x5 [(xlﬂxz)u (x1Nx5)|ave)
a)
(12)

X[ Nxy =

D

(x1 Nxz) U (xl n xz)

5

( )&
= )]
ﬂ([(xlﬂxz)u xlﬂx)]
([(xlﬁxz)u xlﬂx)]aUS
( )&
x§ N xs = ([(Ger Nxz) U (x ﬁxz)]aUE
ﬂ([(xlﬂxz)u(xl ﬂxz)]a) .

We can simplify the formulas taking advantage of the fact that
the terms from h, are disjoint. In the x; N x; case we select only the
common terms that appear in both x; and x;, namely (x; N x3) a
and (x1 N x5 ) a. In the x; N x5 case we select only the terms that
appear in x; but not in x;, namely ¢. In general, an intersection
between complemented and non-complemented factors will contain
the terms that appear in all the non-complemented factors but do
not appear in any of the complemented factors.

x1Nxz = (x1 Nxz)aV (x; Nxy)a

x1 N x5 =g

c (13)
x] Nxp =05

xiNxs = (xfNx5)au (xf Nxz)a

To turn this into a system, we can replace the left-hand side
terms by variables y indexed by the subset of variables x; that are
not complemented.

Y2} = Y23aYymya;
Ypy =&

Ygzy =05

Yy =ypavya

This system of equations describes the states, initial state, and
transitions of an automaton. We know that this automaton is de-
terministic because it has only one initial state, marked by ¢, and
each term only appears in one equation, which means that each
combination of source state and label only leads to one destination
state.

We can solve the system of equations using a similar argument
to the one we used in Section 3.2. Systems 12 and 13 tell us that
hn(x) is a solution to the equations for (14) and therefore is equal
to the left languages of the automaton described by (14).

(14)
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Now that we know the left languages, we can pick a set of final
states that preserves the language of the automaton. The language
of the original automaton is the union of the left languages of its
final states. To match that, in the new automaton we can select
as final states all the terms for which a final state appears not-
complemented.

It should come to no surprise that the automation we just con-
structed is isomorphic with the subset construction.

THEOREM 3.8. The intersection-based determinization produces
the same automaton as the subset construction.

Proor. The equation for yg is built by intersecting all equations
for x, with r € R and subtracting all equations with r ¢ R. This
means that the words present in yg are precisely the words that are
present in every x, with r € R and nowhere else. This guarantees
that all the languages yg are disjoint and that each term appears in
at most one equation.

States. The set of states is decided by hn. There are 2" states that
correspond to subsets of Q.

Final states. As discussed above, the final states in the new au-
tomaton are the ones whose subset of non-complemented variables
contains a variable for a final state in the original automaton.

Initial state. The equation for yr contains an ¢ term when the x,
equations for r € R are precisely the ones that contain an ¢ term.
This means that R is an initial state precisely when it is equal to
the set of initial states in the original automaton.

Transitions. When we rewrite a variable in terms of hn, as we
did in (11), a variable x,, will be split into terms that correspond
to yp, one for each P that contains p. Thus, every term yp ultimately
originates from some term Xp with p € P. With this in mind, we
can deduce that the equation for yg contains a term ypa when the
equations for x, for r € R are precisely the equations that contain

some term x,a with p € P.In conclusion, there is a transition P 4R
precisely when R is the set of states reachable from P via a. O

4 Related Work

The use of matrices and algebraic methods to reason about regular
languages traces back to Conway [2]. A more recent treatment may
be found in Sakarovitch [6].

An induction-free derivation of the subset construction based
on Kleene algebra may be found and has been presented by Kozen
[5]. His derivation features a matrix that computes a linear trans-
formation X that is similar to our unifier function (Definition 3.3).
However, there is no analogue of our separator function (Defi-
nition 3.7), which is not a linear transformation and cannot be
represented by matrices.

One way to compute the left languages of an automaton is to re-
verse the automaton, compute the right languages of that, and then
reverse the result again. For example, algorithms by Brzozowski 1]
and Sengoku [7] do this to minimize non-deterministic automata.
Because our construction can compute the left-language directly,
we hypothesize that it may offer new ways to tackle such problems.

The proof of uniqueness of fixed points from Section 2.3 can be
viewed through the lens of ultrametric semantics[3, 8]. The set of
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languages can be shown to be a complete metric space if we choose
a metric based on the notion of n-similarity:

0, ifx=uy;

d ; =
(x9) 27" ifx#y.

where n is the largest n such that x =, y. Under this metric, the
functions f; and fx are contractions, with d(f(x), f(y)) < %d (x,y),
and Banach’s fixed point theorem guarantees that every contraction
in a non-empty complete metric space has an unique fixed point.
Proofs in the metric framework tend to exploit the uniqueness
of fixed points, in contrast to proofs in the more common order-
theoretical framework, which reason about least fixed points.

5 Conclusion

We presented one way in which the well-known subset construction
procedure can be reduced to linear system transformation. Also,
we proposed two different induction-free derivations approaches
for the determinization problem through unions of right languages
and intersections of left languages from an automaton. We showed
that both derivations are symmetric and equivalent to the classic
subset construction. We hope that such work can show how useful
a fixed-point approach can be to formal language and automata
theory.
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